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1. INTRODUCTION 
The semilinear Schrodinger equation 
Lu = Au -p(Ixl) u + uf(x, u) = 0, x E Q,,, (‘1 
will be considered in exterior domains in R” of the type 
12R,=(xER”:Ixl>a}, n > 2, 
where A denotes the n-dimensional Laplacian. Our objective is to develop 
both sufficient conditions and necessary conditions for the existence of 
positive solutions u(x) of (1) which are bounded above and below by 
constant multiples of the “small” radial solution of the linear equation 
Aw =p(]xl) w in exterior domains. 
The physical importance of (1) in nonlinear field theory is well known. 
One case arises from a “standing wave” eiWfu(x), where o is a real constant 
and u(x) satisfies a stationary field equation (1) of the Klein-Gordon type, 
i.e., p(r) in (1) is a constant andf(x, u) is independent of the position x. The 
existence of positive solutions of (1) in this case have been proved by 
Berestycki ef al. [I], Berger [2], and Strauss [ 11). Our theorems in Section 2 
apply in particular to “generalized Klein-Gordon equations” (8) or (12), as 
indicated by Corollaries 2.3 and 2.5. In the case that p(r) in (1) is identically 
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zero, our results reduce to some very recent theorems for semilinear 
equations of the Emden-Fowler type [ 121. 
Our standing hypotheses on p and f are stated below. 
H 1. For some a > 0, fixed throughout, p(I x ]) > 0 and f(x, u) > 0 for all 
XEQ, andu>O. 
H2. For some A E (0, l),fixed throughout, p E C”(l> andfE C’(&? x 7) 
for every bounded domain A4 c Q, and all bounded intervals I c (a, co), 
J c (0, 00). (Here CA denotes a standard Holder space.) 
H3. There exists a function g E C’(~X 7) for all bounded positive 
intervals Z c (a, co), .Z c (0, 00) such that f (x, u) < g(]xj, u) for all x E .R,, 
u > 0; and g(r, u) is nondecreasing in u for each fixed r > a. 
H4. There exists a nonnegative continuous function g, in (a, co) X [0, co) 
such that f (x, u) > gO(lxl, u) for all x E a,, u > 0; and gO(r, u) is 
nondecreasing in u for each r > a. 
A solution (subsolution, supersolution, respectively) of (1) in 0, is a 
function u E C*“(M) for every bounded subdomain M c a,, with L as in 
H2, such that Lu = 0 (Lu > 0, Lu < 0, respectively) at every point x E J2,, 
a > a. The theorem below was proved in [ 9, p. 125 ]. 
THEOREM 1.1. Suppose H 1 and H2 are satisfied and a > a. Zf (1) has a 
positive subsolution w and a positive supersolution v in 0, such that 
w(x) < v(x) for all 1x12 a, then (1) has at least one solution u(x) satisfying 
w(x) < u(x) < v(x) for Ix] > a. 
In view of H 1, positive subsolutions w of (l), i.e., functions satisfying 
Lw > 0, are available immediately in the form w(x) = z(r), where r = 1x1 and 
z(r) satisfies the linear ordinary differential equation 
L,z E r’-” 1; (r+‘$) I-p(r)z=O. 
Since p(r) > 0, it is well known that (3) possesses linearly independent 
solutions zl(r) and z*(r) which are positive for sufficiently large r, and 
asymptotically ordered, i.e., lim,, m z, (r)/zz(r) = 0. 
Positive supersolutions v(x) of (1) will be constructed in Section 3 in the 
form v(x) = y(r), r = 1x1, where y E C*+‘[a, b] for all b > a and y(r) is a 
positive solution of the ordinary differential equation 
(4) 
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with g as in H3. It then follows from H3 that v(x) = y(r) is a positive super- 
solution of (l), and hence Theorem 1.1 specializes to the theorem below. 
THEOREM 1.2. Suppose HI, H2, and H3 are satisfied, and let 
zi E C’+“[a, b], i = 1,2, be asymptotically ordered positive solutions of (3) 
for some a > a and for all b > a. If there exists a solution y E C2+-‘[a, b] of 
(4) for all b > a such that Kz,(r) <y(r) for a positive constant K and for all 
r > a, then (1) has at least one solution u(x) satisfying Kz,(lxl) < u(x) < 
y(lxI)for 1x1 > a. 
On the basis of Theorem 1.2 we are going to prove the sufficiency of 
condition (6) below, involving zi and z2, for (1) to have a solution U(X) 
which is bounded above and below by a positive constant multiple of z,(]xi) 
in some exterior domain a,, a > a. Moreover, Theorem 2.2 will show that 
(6) is very close to a characterization of the existence of such a solution U(X) 
of (1). The proofs in Section 4 will make use of the known [ 5 ] necessary and 
sufficient conditions for the existence of positive solutions yi of (4) with the 
same asymptotic behaviour at co as the solutions zi of (3) described above. 
The general formulation of such conditions requires that (3) be written in the 
factorized form (16), as described in Section 3 briefly, following Kitamura 
and Kusano [ 51 and Trench [ 131. 
Our results in Section 2 are stated in terms of the underlying 
asymptotically ordered fundamental system z,, z2 of (3), and so essentially 
in terms of their asymptotic behaviour at co. Explicit examples are given 
when these are logarithms, powers, or powers multiplied by exponentials. 
2. STATEMENT OF PRINCIPAL RESULTS 
Theorems 2.1 and 2.2 below contain sufficient conditions and necessary 
conditions, respectively, for (1) to have a positive solution U(X) which is 
bounded above and below by constant multiples of z,(]x ]) in some exterior 
domain Q,, where zi(r) is the minimal solution of (3) described in Section 1. 
For 0 < E < 1, a solution u(x) of (l), possibly depending on E, will be 
termed (E - z)-bounded in fl, whenever there exists a = a(E) > a such that 
(1 - E) 4lxl> < 4x) ,< (1 + E) 44) 
for all x E 0,. 
The abbreviation 
P2 = Iz,wzJ’l --I 
will be used below (see Section 3). 
(5) 
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THEOREM 2.1. For arbitrary E E (0, l), Eq. (1) has a positive solution 
u(x) which is (E - z,)-bounded in 0, zf Hl, H2, H3 hold and tf a positive 
constant C exists such that 
J 
.oo 
z2(r)p2Wg(r7 Cz,(r)) dr < CO. (6) 
THEOREM 2.2. Under hypotheses Hl, H2, and H4, a necessary condition 
for (1) to have a solution u(x) satisfying Kz,(lxl)< u(x) < K,z,(lxl) 
throughout an exterior domain Q, c R”, a > a, n > 2, for some positive 
constants K and K,, is the existence of a constant C > 0 such that 
1 
co 
z2(r)p2(r) gdr, WrN dr < 0~). (7) 
The proofs are given in Section 4. 
For example, these theorems can be applied to semilinear equations (1) of 
the generalized Klein-Gordon type 
du -p(r) u + q(x) uY = 0, y> 1. (8) 
Then H3 and H4 hold, where 
g(r, u) = Q(r) uY-‘, 
g,(r, u> = Q&9 uy-‘, 
Q(r) = yy q(x) 
Q,(r) = yyir q(x). 
In this case, (6) clearly becomes a necessary and suflcient condition for the 
existence of an (E - z,)-bounded positive solution u(x) of (8) under the mild 
additional hypothesis 
lim sup [Q<r>/Qdr>l < 00, 
r-m 
(9) 
as indicated by the Corollary below. 
COROLLARY 2.3. If Hl, H2 and (9) hold, then (8) has an (E -z,)- 
bounded positive solution uJx> in Q, ifund only if 
I O” Q(r) z2(r)p2(r)[z,WlY-’ dr < 0~). (10) 
EXAMPLE. A special case of (1) that has received considerable current 
attention (see, e.g., [ 1, 2, 1 l] and references quoted therein) is 
Au - k*u + uf(x, u) = 0 (11) 
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and its Klein-Gordon prototype 
Au - k2u + q(x) uy = 0, y> 1, (12) 
where k2 is a positive constant. In this case p(r) = k2 and (3) has 
asymptotically ordered solutions 
z,(r) = rP”K,,(kr) 
z2(r) = r *‘I,,(kr), v=n/2- 1, 
where IL, and K, denote modified Bessel functions of order V. These solutions 
have the well-known asymptotic forms [3, p. 861 
z,(T) - (constant) #-““2ePkr 
z2(r) - (constant) r(1-n”2ekr, k > 0, 
as r-+ co. Then (5) gives 
p2(r) - (2k)-’ r(n-1)/2e-kr 
and the criteria (6) and (10) reduce to 
J‘ 
a 
g(r, Cr-“K,,(kr)) dr < co, (13) 
for some positive constant C, and 
@.> r~(y-l)(n-“/Ze-k’y-l)r d,. < co, 
(14) 
respectively. Application of Theorem 2.1 and Corollary 2.3 to (11) and (12), 
respectively, then yields the following additional corollaries. 
COROLLARY 2.4. If Hl, H2, H3, and (13) are satisfied and 0 < E ( 1, 
there exists a positive number a = a(&) and a positive solution u(x) of (11) in 
fl, such that 
(1 -c) r (l-n’lZe-kr < u(x) < (1 + q r(I-W2e-kr 
for allxELJ,, where r=JxJ. 
(15) 
COROLLARY 2.5. Suppose HI, H2, and (9) hold and 0 < E < 1. Then 
condition (14) is a necessary and suflcient condition for Eq. (12) to have a 
positive solution u(x) satisfying (15) in some exterior domain J2, c R”. 
SEMILINEAR ELLIPTIC EQUATIONS 153 
The criterion (14) is satisfied, in particular, for Eqs. (12) in which 
q(x) < (constant) (x Im, /xl >a > 0, 
for some constants a, m. The resulting estimates (15) sharpen those given in 
[1,2, 111. 
We remark that Theorems 2.1-2.2 and Corollary 2.3 reduce to known 
results in the case that p(r) = 0 [ 121. In this case, (1) and (8) reduce to 
generalized Emden-Fowler-type equations. It is easily checked from (3) and 
(5) that (if p(r) = 0): 
(a) If n=2, 2, = 1, z,=logr,p,=r; 
(b) If n > 3, z, = r2-“, z2 = 1, p2 = r/(n - 2). 
Then (6) and (10) specialize to, respectively, 
.r 00 rlogrg(r,C)dr < co if n = 2, (64 
I 
00 
rg(r, C?“) dr < co if n>3, (6b) 
c” r log r Q(r) dr < co if n = 2, (104 
I 
00 
FQ(r) dr < co if n>3, (lob) 
where a=(n- 1)-~(n-2). 
COROLLARY 2.6. Ifp(r) = 0 in (l), Hl, H2, H3 hold, and (6a) or (6b) is 
satisfied according as n = 2 or n > 3, then there exists a solution u(x) of (1) 
such that 1x(“- ’ u(x) is untformly positive and bounded in some exterior 
domain aa c R”. 
COROLLARY 2.7. Suppose p(r) = 0 in (8) and Hl, H2, and (9) hold. 
Then (lOa) is a necessary and sufficient condition for Eq. (8) to have a 
untformly positive bounded solution u(x) in some exterior domain in R2. 
Also, (lob) is necessary and sufficient for (8) to have a solution u(x) with 
Ix(“-~ u(x) uniformly positive and bounded in some exterior domain in R”, 
n > 3. 
It also makes sense to specialize Theorems 2.1 and 2.2 to the case n = 1 
and p(r) G 0, when (1) and (8) are ordinary differential equations of the type 
(4). Then z, = 1, z2 = r, pz = 1, and (6) and (10) reduce to, respectively, 
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-lx. 
( rg(r, C) dr < 03, (6~) 
1X r-Q(r) dr < co (1Oc) 
for some constant C > 0. In this case Theorems 2.1 and 2.2 together reduce 
to a well-known theorem of Nehari [ 71: Condition (6~) is necessary and 
sufficient for the existence of a bounded positive solution of y” + yg(r, y) = 0 
in some interval [a, co). Here the assumption of uniform positivity is not 
required for the necessity part of the theorem since a positive solution of 
y” < 0 must satisfy y’(x) > 0 for all x beyond some x,. 
The necessity statement in Corollary 2.7, for n > 2, can be strengthened 
similarly, as follows: 
COROLLARY 2.8. Zfp(r) s 0, condition (lOa) is necessary for (8) to have 
a bounded positive solution in some exterior domain in R ‘. Condition (lob) 
is necessary for (8) to have a positive solution u(x) with /xl’-’ u(x) bounded 
in some exterior domain in R “, n > 3. 
In fact, if p(r) E 0 in (8), a positive solution u(x) of (8) in R, satisfies 
Au < 0 in Q,, from which u(x) satisfies the a priori estimate [ 10, p. 9171 
for all xEQ,. Then (x(‘~’ u(x) is uniformly positive in 0, and the 
conclusion follows from Corollary 2.7. 
3. ASYMPTOTIC SOLUTIONS OF ORDINARY DIFFERENTIAL EQUATIONS 
If zl(r) and zZ(r) are asymptotically ordered positive solutions of (3), as in 
Section 1, then (3) can be written in the factored form [5, 131 
where 
(16) 
(17) 
PO(r) = zlWy zk-1 ’ PI(r)= - L I z&9
z-G-)= [zIPI Jp’. 
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Since z,(r) and z2(r) are asymptotically ordered, it follows in particular that 
I 
00 
p,(r) dr = too. (18) 
With the operator L, as in (16) Eq. (4) can then be rewritten as 
&I Y = -Ye-, Y)* (19) 
The theorem below is a special case of a recent result of Kitamura and 
Kusano [5]; see also Granata [4]. 
THEOREM 3.1. Suppose (3) has positive asymptotically ordered solutions 
zi(r), i = 1, 2. Then (4) has a positive solution y(r) - z,(r) as r--t 00 IT there 
exists a positive constant C so that (6) holds. 
4. PROOFS OF THEOREMS 
Proof of Theorem 2.1. In view of the hypothesis (6), Theorem 3.1 shows 
that (4) has a solution y(r) - z,(r) as r+ co. For arbitrary b E (0, 1) this 
implies that there exists a = a(E) > a such that 
(1 - &I z,(r) <y(r) < (1 + E) z,(r) 
for all r >, a. Since g E C’ by H3, it follows from standard regularity theory 
[6] specialized to (4) that y E C2+’ [a, r] for all r > a. By Theorem 1.2, 
Eq. (1) has a positive solution u(x) satisfying 
for all r = ]x/ > a. This means that u(x) is (E - z,)-bounded in .R,. 
Proof of Theorem 2.2. Let u(x) be a positive solution of (1) satisfying 
U(X) > Kz,(lxl) for Ix] > a, where K is a positive constant. Let U(r) be the 
spherical mean of u(x) over the sphere S, of radius r, i.e., 
1 
U(r) = - 
.I 
1 . 
4SJ s, 
u(x) da = - I (1 WI) -s, 
ux do, 
where u and o denote the measure on S, and S, , respectively: do = F’dw. 
A lemma in [8, p. 701 shows that U(r) satisfies the ordinary differential 
equation 
-+” $ (m-l $1 = --&jsl [-p(r) u + uf(x, u(x))] dw. (20) 
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Since U(X) > Kz,(r) for r = (x1 > a and g,(r, U) is nondecreasing in u for 
each Y, it follows from H4 and (20) that U(r) satisfies the inequality 
+.’ -n f p g, + ~(‘-1 u 2 Kz, (r) go@, Kz, Q-1). 
In view of the factorization (16), this can be rewritten in the form 
Y > a. We integrate (22) by parts over (a, r) to obtain 
(21) 
(23) 
because 
1 z2 ’ 
z ZI t-1 =l 
identically by (17). However, p; ‘(U/p,)’ is nonincreasing by (22) and 
J”p,(t)dt= +co by (18), from which we assert that IU(t)/po(t)]’ is 
nonnegative for all t > a. In fact, if this were negative at some t = r0 > a, 
then there would exist a positive constant A such that 
for all t > ro, and integration over (ro, r) would imply that U(r) is eventually 
negative. Since [ U(t)/p,(t)] ’ IS nonnegative for all t > a, the left side of (23) 
is bounded above and therefore 
I 
.a 
z,(t)~,(t) g& Kz,(f)) dt < a. 
a 
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